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REGULAR DESSINS D’ENFANTS WITH DICYCLIC GROUP OF
AUTOMORPHISMS
RUBE´N A. HIDALGO AND SAU´L QUISPE
Abstract. LetGn be the dicyclic group of order 4n. We observe that, up to isomorphisms,
(i) for n ≥ 2 even there is exactly one regular dessin d’enfant with automorphism group
Gn, and (ii) for n ≥ 3 odd there are exactly two of them. All of them are produced on very
well known hyperelliptic Riemann surfaces. We observe, for each of these cases, that the
isotypical decomposition, induced by the action of Gn, of its jacobian variety has only one
component. If n is even, then the action is purely-non-free, that is, every element acts with
fixed points. In the case n odd, the action is not purely-non-free in one of the actions and
purely non-free for the other.
1. Introduction
Is a consequence of the Riemann-Roch’s theorem, in one direction, and the Implicit
Function theorem, in the other, that there is an equivalence between the category of closed
Riemann surfaces (and holomorphic maps as morphisms) on one side and that of irre-
ducible smooth complex algebraic curves (and rational maps as morphisms) on the other.
Belyi’s theorem [2] asserts that a closed Riemann surface S can be described by an al-
gebraic curve defined over the field Q of algebraic numbers if and only if there is a non-
constant meromorphic map β : S → Ĉ whose branch values are contained in the set
{∞, 0, 1}. In this case, β is called a Belyi map, S a Belyi curve and (S , β) a Belyi pair. To
each Belyi pair (S , β) there is associated an embedding of a bipartite graph Gβ in S (the
fibres β−1(0) and β−1(1) providing, respectively, the white and black vertices, and its edges
being β−1([0, 1])) such that S \ Gβ consists of topological discs.
A pair (X,G), where X is a closed orientable surface and G ⊂ X is a bipartite graph such
that the connected components of X \G are topological discs, is called a dessin d’enfant, as
introduced by Grothendieck [13] (see also, the recent books [10, 15]). In particular, if (S , β)
is a Belyi pair, then (S ,Gβ) is a dessin d’enfant. Conversely, if (X,G) is a dessin d’enfant,
then the uniformization theorem asserts the existence of a (unique up to isomorphisms)
Belyi pair (S , β) and of an orientation-preserving homeomorphism f : S → X such that
f (Gβ) = G ( f sends black vertices to black vertices). This process provides of a natural
equivalence between (isomorphism classes of) Belyi pairs and (isomorphism classes of)
dessins d’enfants and, by Belyi’s theorem, there is a natural action of the absolute Galois
group Gal(Q/Q) on (isomorphism classes of) dessins d’enfants. It is well known that this
action is faithfull [11, 13, 21]. Associated to a Belyi pair (S , β) (respectively, a dessin
d’enfant D = (X,G)) is its group Aut+(S , β) (respectively, Aut+(D)) consisting of those
conformal automorphisms ϕ of S such that β = β ◦ ϕ (respectively, the group of homotopy
class of those orientation-preserving self-homeomorphisms of X keeping invariant Gβ and
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the colour of the vertices). The Belyi pair (respectively, dessin d’enfant) is called regular if
β is a regular branched cover with deck group Aut+(S , β) (respectively, the group Aut+(D)
acts transitively on the set of edges ofG). In [3, 12] it was observed that the absolute Galois
group also acts faithfully at the level of regular dessins d’enfants.
A finite group G appears as the group of automorphisms of a regular dessin d’enfant if
and only if there is a closed Riemann surface S over which G acts as a group of confor-
mal automorphisms such that S/G has genus zero and exactly three cone points; we say
that the conformal G-action on S is triangular. This is equivalent for G to be generated
by two elements. There is a bijection between (i) equivalence classes of regular dessins
d’enfants with automorphism group G and (ii) G-conjugacy classes of pairs of generators
of G. Examples of groups generated by two elements are the dicyclic groups
(1) Gn = 〈x, y : x
2n = 1, y2 = xn, yxy−1 = x−1〉, n ≥ 2.
In [18] it was proved that the strong symmetric genus σ0(Gn) (the lowest genus over
which Gn acts as a group of conformal automorphisms) is equal to (i) n, for n even and
(ii) n − 1, for n odd. For n even, such a minimal conformal action happens for S/Gn of
signature (0; 4, 4, 2n) and, for n odd, it happens for signature (0; 4, 4, n). In Theorem 2.4
we prove that, up to isomorphisms, there is only one triangular action of Gn when n ≥ 2 is
even, and that there are exactly two when n ≥ 3 is odd. In any of these cases, the triangular
action is produced in a familiar kind of hyperelliptic Riemann surfaces (for example, if
n is odd, then these are the Accola-Maclachlan surfaces [17]). In Remark 2.5 there are
described the corresponding monodromy groups and the associated bipartite graph.
A conformal action of a finite groupG over a closed Riemann surface S is called purely-
non-free if every element acts with a non-empty set of fixed points. This type of conformal
actions where discussed by J. Gilman in her study of adapted basis for the derived action on
the first integral homology group [9]. In [1] it was observed that every finite groupG acts
purely-non-free on some Riemann surface. We define the pure symmetric genus σp(G) as
the minimal genus on which G acts purely-non-free. For G either cyclic, dihedral,A4,A5
and S4 it holds that σp(G) = σ
0(G) = 0. In [1] it was computed σp(G) for G an abelian
group (in general, σ0(G) < σp(G)). In Theorem 2.4 we observe that the triangular action
ofGn on a closed Riemann surface of genus n is purely-non-free and that on genus n− 1 is
not, in particular, σp(Gn) = n (see Corollary 2.6).
A conformal action of a finite groupG on a Riemann surface S of genus g ≥ 2 induces
a natural Q-algebra homomorphism ρ : Q[G] → EndQ(JS ), from the group algebra Q[G]
into the endomorphism algebra of the jacobian variety JS . The factorization of Q[G] into
a product of simple algebras yields a decomposition of JS into abelian subvarieties, called
the isotypical decomposition (see, for instance, [8, 16]). In the case of the conformal
triangular actions of Gn, we note in Theorem 2.4 that, for every non-trivial subgroup H of
Gn, the quotient orbifold S/H has genus zero. In particular, this asserts that the isotypical
decomposition of JS , induced by the action ofGn, is trivial (that is, there is only one factor)
and the induced action of any non-trivial subgroup of Gn on the jacobian variety JS acts
with isolated fixed points (see Corollary 2.7).
AsGn has index two subgroups, it can be realized as a group of conformal/anticonformal
automorphisms of suitable Riemann surfaces, such that it admits anticonformal ones. It is
well known thatGn acts with such a property in genusσ(Gn) = 1 [18] (this is the symmetric
genus ofGn [7, 14, 22]). This can be easily seen by considering the Euclidean planar group
∆ = 〈a(z) = i(1− z), b(z) = −iz+ 2 + i〉 = 〈a, b : a2b2 = 1〉, acting on the complex plane C,
and consider the surjective homomorphism θ : ∆→ Gn, defined by θ(a) = y and θ(b) = yx.
If Γ is the kernel of θ, then C/Γ is a genus one Riemann surface admitting the group G2n
REGULAR DESSINS D’ENFANTS WITH DICYCLIC GROUP OF AUTOMORPHISMS 3
as a group of conformal/anticonformal automorphisms (the element x acts conformally
and y anticonformally). In Theorem 2.8 we observe that the minimal genus σhy(Gn) ≥ 2
over which Gn acts as a group of conformal/anticonformal automorphisms, and admitting
anticonformal ones, is n + 1 for n ≥ 2 even, and 2n − 2 for n ≥ 3 odd.
Moduli space of closed Riemann surface of genus g ≥ 2, a complex orbifold of di-
mension 3(g − 1), has a natural real structure (this coming from complex conjugation).
The fixed points of such a real structure, its real points, are the (isomorphism classes of)
closed Riemann surfaces admitting anticonformal automorphism. Inside such real locus
are those surfaces which cannot be defined by algebraic curves over the reals (this is equiv-
alent to say that they do not have anticonformal involutions); these are called pseudo-real
Riemann surfaces. In general, a finite group might not be realized asthe group of con-
formal/anticonformal automorphisms, admitting anticonformal ones, of a pseudo-real Rie-
mann surface; for instance, in [6] it was observed that a necessary condition for that to
happen is for the group to have order a multiple of 4. In Theorem 2.9, we construct, for
each integer q ≥ 2, a pseudo-real Riemann surface of genus g = (l − 1)(2n − 1), where
l = n(2q − 1), whose full group of conformal/anticonformal automorphisms is Gn.
2. Main results
2.1. Triangular conformal actions ofGn. We proceed to describe, for each integer n ≥ 2,
a very well known families of hyperelliptic Riemann surfaces admitting the dicyclic group
Gn as a group of conformal automorphisms acting in a triangular way. We also describe
their full groups of conformal/anticonformal automorphisms. Then, we proceed to prove
that these are the only examples of Riemann surfaces admitting a conformal triangular
action of Gn. We set ρm := e
2pii/m.
2.1.1. The family S n. For n ≥ 2, let S n be the hyperelliptic Riemann surface, of genus n,
defined by
w2 = z(z2n − 1).
The following are conformal automorphisms of S n:
u(z,w) = (ρ2nz, ρ4nw), y(z,w) = (1/z, iw/z
n+1).
We observe that u4n = y4 = 1 and u ◦ y−1 = y ◦ u−1, and the quotient orbifold S n/〈u, y〉
has signature (0; 2, 4, 4n). If n ≥ 3, this is a maximal signature [20], so Aut+(S n) = 〈u, y〉
in these cases (groups of order 8n). For n = 2, the surface S 2 has the extra conformal auto-
morphismof order three t(z,w) = (i(1−z)/(1+z), 2(1+i)w/(z+1)3), and Aut+(S 2) = 〈u, y, t〉
(a group of order 48). The conjugation τ(z,w) = (z,w) is an anticonformal involution of
S n, acting with fixed points, satisfying that τ ◦ u ◦ τ = u
−1, τ ◦ y ◦ τ = y−1, and Aut(S n) =
〈Aut+(S n), τ〉. If we set x(z,w) = u
2(z,w) = (ρnz, ρ2nw), then y
2(z,w) = xn(z,w) = (z,−w),
x2n = 1, y−1xy = x−1 and Gn  〈x, y〉. The quotient S n/Gn has signature (0; 4, 4, 2n) and
pi : S n → Ĉ, defined by pi(z,w) = −(z
n + 1/zn − 2)/4, is a regular branched cover with deck
group 〈x, y〉.
Remark 2.1. Another (singular) model of S n is given by the affine algebraic curve
S n : v
2n = un(u − 1)(u + 1)2n−1.
In this model,Gn is generated by x(u, v) = (u, ρ2nv) and y(u, v) =
(
−u, v
2n−1
un−1(u+1)2n−2
)
.
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2.1.2. The family Rn: Accola-Maclachlan surfaces. For n ≥ 3 odd, let Rn be the hyper-
elliptic Riemann surface, of genus n − 1, defined by
w2 = z2n − 1.
These Riemann surfaces are called Accola-Maclachlan surfaces [17] and these are known
to be the surfacs with group of conformal automorphisms of order 8g + 8 = 8n (see also
[4]). The following are conformal automorphisms of Rn:
u(z,w) = (ρ2nz,w), y(z,w) = (1/z, iw/z
n).
The quotient orbifold Rn/〈u, y〉 has signature (0; 2, 4, 2n). If n ≥ 5, this is a maximal
signature [20], so Aut+(Rn) = 〈u, y〉 in these cases. This also holds for n = 3. The
conjugation τ(z,w) = (z,w) is an anticonformal involution of Rn, acting with fixed points,
satisfying that τ ◦ uτ = u−1, τ ◦ y ◦ τ = y−1, and Aut(Rn) = 〈Aut
+(Rn), τ〉. If we set
x(z,w) = y2 ◦ u2(z,w) = (ρnz,−w), then y
2(z,w) = xn(z,w) = (z,−w), x2n = 1, y−1xy = x−1
and Gn  〈x, y〉. The quotient Rn/Gn has signature (0; 4, 4, n) and pi : Rn → Ĉ, defined by
pi(z,w) = −(zn + 1/zn − 2)/4, is a regular branched cover with deck group 〈x, y〉.
Remark 2.2. Another model of Rn is given by the affine algebraic curve
Rn : v
2n = un(u − 1)2(u + 1)2n−2.
In this model,Gn is generated by x(u, v) = (u, ρ2nv) and y(u, v) =
(
−u,
ρ4nu(u
2−1)
v
)
.
Remark 2.3 (Complex multiplication). Both families of surfaces S n and Rn have the prop-
erty that their jacobian varieties have complex multiplication [19, Thm. 2.4.4]
2.1.3. Some facts on the dicyclic group Gn. If Gn is the dicyclic group, presented as in
(1), then: (1) it has order 4n, (2) 〈x〉  Z2n is a normal subgroup of index two, (3) every
element of Gn − 〈x〉 has order 4 and (4) there are exactly n + 3 conjugacy classes, with
representatives given in the following table
Rep. 1 x x2 · · · xn−1 xn y xy
Size 1 2 2 · · · 2 1 n n
2.1.4. On the uniqueness of the triangular action of Gn.
Theorem 2.4. Let n ≥ 2 be an integer and let S be a closed Riemann surface admitting
the dicyclic group Gn, presented as in (1), as a group of conformal automorphisms and
acting in a triangular way, that is, S/Gn has triangular signature. Then either one of the
following ones hold.
I.- S/Gn has signature (0; 4, 4, 2n) and S is isomorphic to S n. The group Gn acts
purely-non-free. The number of fixed points of the automorphisms x, y2 = xn, y
and xy are, respectively, 2, 2+ 2n, 2 and 2. If H is any non-trivial subgroup of Gn,
then S/H has genus zero.
II.- S/Gn has signature (0; 4, 4, n) and S is isomorphic to Rn, in which case n ≥ 3 is
odd. The only elements of Gn acting with fixed points on Rn are x
2, x4, . . . , x2n−2, xn
and those of the form xay. In particular, the action of Gn is not purely-non-free. If
H is any non-trivial subgroup of Gn, then S/H has genus zero.
Remark 2.5. Let us consider the following permutations of S4n
η = (1, 2, . . . , 2n)(2n + 1, 2n + 2, . . . , 4n), σ =
n∏
k=1
(k, 4n + 1 − k, n + k, 3n + 1 − k).
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Then, η2n = 1, σ−1ησ = η−1, ηn =
∏n
k=1(k, n+ k)(2n+ k, 3n+ k) = σ
2, and 〈η, σ〉  Gn,
where the isomorphism is the one taking η to x andσ to y. (1) If τ = σ3η, then τση = 1, and
the pair (σ, τ) determines the monodromy group associated to the regular dessin d’enfant
of signature (0; 4, 4, 2n) as described in the above theorem. This permits to see that the
associated bipartite graph of this dessin d’enfant is C2
2n
, this being defined by taking as
its vertices the 2n-roots of unity (they are painted black an white in alternating way) and
we replace each arc of the unit circle joining two consecutive roots (following one of the
orientations of the unite circle) by two edges connecting them. (2) If n ≥ 3 is odd, and
τ = ηn−2σ, then τση2 = 1, where η2 = (1, 3, . . . , 2n−1)(2, 4, . . . , 2n)(2n+1, 2n+3, . . . , 4n−
1)(2n + 2, 2n + 4, . . . , 4n), and the pair (σ, τ) determines the monodromy of the dessin of
signature (0; 4, 4, n).
Corollary 2.6 (On the pure symmetric genus of Gn). σp(Gn) = n.
2.1.5. Jacobian variety for the triangular actions of Gn. Let S be a closed Riemann
surface admitting a triangular conformal action of Gn. Then there is natural action of
Gn as group of holomorphic group-automorphisms of the jacobian variety JS . If H is
a non-trivial subgroup of Gn, then the previous them asserts that S/H has genus zero,
which means that the induced action of H on JS only has isolated fixed point set. As a
consequence, we obtain the following.
Corollary 2.7. Let S be a closed Riemann surface admitting a triangular conformal action
of Gn. Then the induced action of Gn on the jacobian variety JS only has isolated fixed
points and, in particular, the isotypical decomposition of JS , induced by the action of Gn,
produces only one factor.
2.2. On the hyperbolic genus ofGn. Next results describes the minimal genusσ
hyp(Gn) ≥
2 such that Gn acts as a group of conformal/anticonformal automorphisms and containing
anticonformal elements.
Theorem 2.8. If n ≥ 2 is even, then σhyp(Gn) = n + 1. If n ≥ 3 is odd, then σ
hyp(Gn) =
2n − 2.
2.3. Pseudo-real actions of Gn. Next, we provide pseudo-real Riemann surfaces so that
Gn is the full group of conformal/anticonformal automorphisms.
Theorem 2.9. If n ≥ 2, q ≥ 2 and l = n(2q − 1), then there are pseudo-real Riemann
surfaces S of genus g = (l − 1)(2n − 1) such that Aut(S ) = Gn and Aut
+(S ) = 〈x〉.
3. Proof of Theorem 2.4
Assume that Gn acts triangular on the closed Riemann surface S . Let pi : S → O =
S/〈x〉 be a branched regular cover map with deck group 〈x〉. As 〈x〉 is a normal subgroup
and y2 ∈ 〈x〉, the automorphism y induces a conformal involution ŷ of the orbifold O, so it
permutes the branch values of pi (i.e., the cone points ofO) and S/Gn = O/〈̂y〉. The triangu-
lar property of the action ofGn on S (together the Riemann-Hurwitz formula) ensures that
O has genus zero and that its set of cone points are given by a pair of points p1, p2 (which
are permuted by ŷ) and probably one or both fixed points of ŷ. By the uniformization the-
orem, we may identify O with the Riemann sphere Ĉ. Up to post-composition of pi with a
suitable Mo¨bius transformation, we may also assume ŷ(z) = −z, p1 = −1 and p2 = 1. As
the finite groups of Mo¨bius transformations are either cyclic, dihedral,A4, A5 or S4, and
Gn is not isomorphic to any of them, the surface S cannot be of genus zero. This (together
Riemann-Hurwitz formula) asserts that ±1 are not the only cone points of O, at least one of
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the two fixed points of ŷ must also be a cone point (we may assume that 0 is another cone
point). We claim that ∞ is also a cone point of O. In fact, if that is not the case, then ∞
induces a cone point of order two of S/Gn with the property that the Gn-stabilizer of any
point over it on S does not contains a non-trivial power of x. But as the only element of
Gn having order two is x
n, we obtain a contradiction. By the above, the cone points of O
are ±1, 0 and∞. Moreover, as 0 and∞ are fixed by the involution ŷ, each one of them has
points in its preimage on S with Gn-stabilizer generated by an element of the form yx
k. In
particular, they must produce cone points of order 4 in S/Gn and it follows that ∞ and 0
are cone points of order two in O. As xn cannot generate 〈x〉, the 〈x〉-stabilizer of any point
over −1 (and also over 1 = ŷ(−1)) must be stabilized by a non-trivial power xm (where we
may assume m to be a divisor of 2n) such that 〈xm, xn〉 = 〈x〉. This in particular asserts that
m must be relatively prime to n, that is, (i) m = 1 for n even, and (ii) m ∈ {1, 2} for n odd.
Summarizing the above, we need to consider two situations:
(1) If n is even, then O has signature (0; 2, 2, 2n) and S/Gn has signature (0; 4, 4, 2n).
(2) If n is odd, then either (i) O has signature (0; 2, 2, 2n) and S/Gn has signature
(0, 4, 4, 2n) or (ii) O has signature (0; 2, 2, n) and S/Gn has signature(0; 4, 4, n).
3.1. Case n is even. In this case, S/Gn has signature (0; 4, 4, 2n) and (by the Riemann-
Hurwitz formula) S has genus g = n. Also, pi : S → Ĉ is a cyclic branched cover,
branched at the points ±1 (with branch order 2n) and at the points 0,∞ (with branch order
2). In particular, equations for S must be of the form (see, for instance, [5])
S n : v
2n = ua(u − 1)b(u + 1)c,
where a, b, c ∈ {1, . . . , 2n−1} are such that: (i) b, c are relatively primes to n, (ii) gcd(a, 2n) =
n, (iii) gcd(a + b + c, 2n) = n, (iv) b + c ≡ 0 mod (2n). In this model, pi corresponds to
(u, v) 7→ u. Condition (ii) asserts that a = n and (iii) follows from this and (iv). Moreover,
we may change the triple (a, b, c) (module 2n) by (αa, αb, αc), for α integer relatively prime
to 2n, and by permutation of b with c. So, by taking α being the inverse of c module 2n,
we may also assume b = 1 and c = 2n − 1. In this way, we have obtained the uniqueness,
up to isomorphisms, of S (this also provides the equations in Remark 2.1). By looking at
the branched cover pi : S → Ĉ, it can be seen that the number of fixed points of x is exactly
two and that y2 has exactly 2 + 2n = 2 + n + n fixed points. As the involution ŷ has exactly
two fixed points (each one being the projection of the fixed points of y2, and the fact that
the number of elements in the conjugacy class of y (and of xy) is n, we may see that y (also
xy) must have exactly two fixed points. As a consequence (see Section 2.1.3), we have ob-
tained that every element ofGn acts with fixed points. Next, let us observe, from the above,
that S/〈y〉 has signature (γ; 4, 4, 2, n. . ., 2), for some γ ≥ 0. Now, by the Riemann-Hurwitz
formula and the fact that S has genus n, we obtain that γ = 0. Similarly, S/〈xy〉 has genus
zero. The orbifold S/〈y2〉 must have signature of the form (δ; 2, 2+2n. . . , 2). So again from the
Riemann-Hurwitz formula we obtain that δ = 0. As S/〈x〉 has genus zero and xn = y2, we
may also see that a quotient orbifold S/〈xa〉, where a = 1, . . . , 2n−1 − 1, must have genus
zero and we are done.
3.2. Case n is odd. In the case that m = 1, then we may proceed as similarly as in the
previous situation. So, let us now assume m = 2 (the arguments is also similar, but with
some minor changes as we proceed to describe below). In this case, S/Gn has signature
(0; 4, 4, n) and (by the Riemann-Hurwitz formula) S has genus g = n − 1. Also, pi : S → Ĉ
is a cyclic branched cover, branched at the points ±1 (with branch order n) and at the
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points 0,∞ (with branch order 2). In particular, equations for S must be of the form (see,
for instance, [5])
Rn : v
2n = ua(u − 1)b(u + 1)c,
where a, b, c ∈ {1, . . . , 2n−1} are such that: (i) gcd(2n, b) = 2 = gcd(2n, c), (ii) gcd(a, 2n) =
n, (iii) gcd(a + b + c, 2n) = n, (iv) b + c ≡ 0 mod (2n). In this model, pi corresponds to
(u, v) 7→ u. Condition (ii) asserts that a = n and (iii) follows from this and (iv). Moreover,
we may change the triple (a, b, c) (module 2n) by (αa, αb, αc), for α integer relatively prime
to 2n, and by permutation of b with c. So, we may also assume b = 2 and c = 2n − 2.
In this model the generators x and y of Gn are given as described in the theorem. All the
above provides the uniqueness, up to isomorphisms (and the equations as in Remark 2.2).
By looking at the branched cover pi : S → Ĉ, it can be seen that the only elements in 〈x〉
with fixed points are x2, x4, . . . , x2n−2 and xn = y2. As the involution ŷ has exactly two
fixed points (each one being the projection of the fixed points of y2, and the fact that the
number of elements in the conjugacy class of y (and of xy) is n, we may see that y (also xy)
must have exactly two fixed points. Next, let us first observe, from the above, that S/〈y〉
has signature (γ; 4, 4, 2, n−1. . ., 2), for some γ ≥ 0. Now, by the Riemann-Hurwitz formula
and the fact that S has genus n − 1, we obtain that γ = 0. Similarly, S/〈xy〉 has genus
zero. The orbifold S/〈y2〉 must have signature of the form (δ; 2, 2n. . ., 2). So again from the
Riemann-Hurwitz formula we obtain that δ = 0. As S/〈x〉 has genus zero and xn = y2,
we may also see that a quotient orbifold S/〈xa〉, where a = 1, . . . , 2n − 1, must have genus
zero and we are done.
4. Proof of Theorem 2.8
For n ≥ 3 odd, there is only one index two subgroup ofGn, this being H1 = 〈x〉. If n ≥ 2
is even, then Gn has three index two subgroups, these being H1 = 〈x〉, H2 = 〈x
2, y〉 and
H3 = 〈x
2, xy〉. In this case, for each j = 1, 2, 3, there are closed Riemann surfaces, of genus
at least two, for whichGn acts as a group of conformal/anticonformal automorphisms with
H j acting conformally and the elements ofGn −H j acting anticonformally. As, for n even,
the automorphism of Gn
ρ : Gn → Gn : ρ(x) = x, ρ(y) = xy,
permutes H2 with H3, we only need to consider H1 and H2.
Let G+n ∈ {H1,H2} (in the case n ≥ 3 odd,G
+
n = H1) and assume thatGn acts as a group
of conformal/anticonformal automorphisms of a closed Riemann surface S , of genus at
least two, so that G+n acts conformally. As the orders of the cyclic subgroups of Gn are
divisors of 2n or equal to 4, the orders of the conical points (if any) of the quotient orbifold
O = S/G+n must have order of such a form. The group Gn induces an anticonformal
involution τ on the quotient orbifold O so that O/〈τ〉 = S/Gn.
Lemma 4.1. The anticonformal involution τ acts without fixed points.
Proof. If τ has fixed points, then it must have at least a simple loop (i.e. an oval) consisting
of fixed points. This means that we may find a lifting of τ in Gn − G
+
n having infinitely
many fixed points. The only possibility for such a lifting is to have order two, so it must be
xn. In the case G+n = H1, this is not possible as x is conformal. In the case n ≥ 2 even and
G+n = H2, we have that x
n is a power of x2, which is neither possible as x2 is conformal. 
The previous lemma asserts that the number of conical points (if any) of O is even, say
2r, and they are permuted in pairs by the involution τ. This, in particular, asserts that O
has signature of the form (γ;m1,m1 . . . ,mr,mr), where m j ≥ 2, and that S/Gn = O/〈τ〉 is
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a closed hyperbolic non-orientable surface, say a connected sum of γ + 1 real projective
planes and having r cone points, say of orders m1, . . . ,mr. This means that there is a NEC
group
∆ = 〈α1, . . . , αγ+1, β1, . . . , βr : α
2
1α
2
2 · · ·α
2
γ+1β1 · · · βr = β
m1
1
= · · · = βmrr = 1〉
where α j is a glide-reflection and β j is an elliptic transformation, and there is a surjective
homomorphism Θ : ∆ → Gn so that Θ(β j) ∈ G
+
n and Θ(α j) ∈ Gn − G
+
n with torsion-free
kernel Γ = ker(Θ) so that S = H2/Γ. The genus of S , in this case, is
g = 1 + 2n(γ + r − 1 −
r∑
j=1
1/m j).
4.1. Case G+n = H2. In this case, n ≥ 2 is even, and a minimal genus g ≥ 2 for S is
obtained when γ = 0, r = 2 and m1 = m2 = 4, in which case, g = n + 1. In this case,
∆ = 〈α1, β1, β2 : α
2
1
β1β2 = β
4
1
= β4
2
= 1〉 and the homomorphism Θ can be assumed to be
defines as: Θ(α1) = x, Θ(β1) = y and Θ(β2) = yx
n−2.
4.2. Case G+n = H1. Again, to obtain a minimal genus g ≥ 2, we need to assume γ = 0,
r = 2, the values m1,m2 ∈ {2, . . . , 2n} are divisors of 2n, with 1/m1 + 1/m2 maximal such
that there is a surjective homomorphism, with torsion-free kernel contained in ∆+ (the
index two orientation-preserving half of ∆),
Θ : ∆ = 〈α1, β1, β2 : α
2
1β1β2 = β
m1
1
= β
m2
2
= 1〉 → Gn,
such that Θ(∆+) = H1. Up to post-composition by an automorphism of Gn, it can be
assumed to satisfy that Θ(α1) = y, and for j = 1, 2, that Θ(β j) = x
2a jn/m1 , where a j ∈
{1, . . . ,m j − 1}, gcd(a j,m j) = 1, gcd(2n/m1, 2n/m2) = 1 (as 〈Θ(β1),Θ(β2)〉 = 〈x〉), and
(as y2 = xn) also that 2a1n/m1 + 2a2n/m2 ≡ 0 mod (n). We may write m1 = AB and
m2 = AC, where gcd(B,C) = 1. As, in this case, 2n = ABL1 = ACL2, it follows that
L1 = CL and L2 = BL; so 2n = ABCL. Now, 1 = gcd(2n/m1, 2n/m2) = gcd(CL, BL) = L,
so 2n = ABC, m1 = AB and m2 = AC. As gcd(a1, AB) = 1 = gcd(a2, AC) andCa1 + Ba2 =
2a1n/m1 + 2a2n/m2 ≡ 0 mod (n), we have the following possibilities: (1) A = 2Â and
Ca1+Ba2 = rÂBC, so B = C = 1 andm1 = m2 = 2n, (2) B = 2B̂ andCa1+2B̂a2 = rAB̂C,
so C = 1, B = 2, m1 = 2n and m2 = n, and (3) C = 2Ĉ and 2Ĉa1 + Ba2 = rABĈ, so B = 1,
C = 2, m1 = n and m2 = 2n. If n ≥ 4 is even, then cases (2) and (3) are not possible,
so the maximal value of 1/m1 + 1/m2 happens for m1 = m2 = 2n, from which we obtain
g = 2n − 1 ≥ n + 1. If n ≥ 5 is odd, then the maximal value of 1/m1 + 1/m2 happens for
(up to permutation of indices) m1 = n and m2 = 2n, from which we obtain g = 2n − 2.
5. Proof of Theorem 2.9
Let l = n(2q − 1), where q ≥ 2. Let us consider the NEC group ∆ = 〈α, β1, . . . , βl :
α2β1 · · · βl = β
2n
1
= · · · = β2n
l
= 1〉. The quotient Klein surface uniformized by ∆ is the
orbifold whose underlying surface is the real projective plane and its conical points are l
points, each one with order 2n. Let us consider the surjective homomorphism Θ : ∆ →
Q2n : Θ(α) = y, Θ(β j) = x, j = 1, . . . , l. If Γ is the kernel of Θ, then Γ is a torsion-
free subgroup contained in the half-orientation part ∆+ of ∆. The closed Riemann surface
S = H2/Γ is a closed Riemann surface admitting the group Gn as a subgroup of Aut(S )
with 〈x〉 a subgroup of Aut+(S ). As the signature of S/〈x〉 is of the form (0; 2n, . . . , 2n),
where the number of cone points is exactly 2l = 2n(2q−1) ≥ 4(2q−1) > 6, it follows from
Singerman list of maximal Fuchsian groups [20] that we may choose ∆ so Aut(S ) = Gn. In
this case, as the only anticonformal automorphisms of S are the elements ofGn−〈x〉 (which
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have order four as seen in Section 2.1.3) it follows that S is pseudo-real. By Riemann-
Hurwitz formula, applied to the branched cover S → S/〈x〉, we observe that S has genus
(l − 1)(2n − 1).
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